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Loop quantum cosmology is a symmetry reduced quantization of cosmological
spacetimes based on loop quantum gravity. While it has been successful in resolution of various cosmological singularities and connecting Planck scale physics to
phenomenology, its connection with loop quantum gravity has remained elusive. It
is therefore important to integrate more and more features of the full theory into
this framework and understand the reliability of physical predictions. In particular,
if one wishes to connect the effective Hamiltonian in loop quantum cosmology to an
expectation value of the scalar constraint operator in suitable coherent states for the
full theory, one has to go beyond the standard setting of loop quantum cosmology.
One possibility is to introduce gauge-covariant fluxes, which become necessary because the presence of a finite regularization parameter causes functions build out of
the standard discretized variables to be in general not gauge invariant. Following the
construction of gauge-covariant fluxes pioneered by Thiemann in [1], we show that
the physics of loop quantum cosmology is affected in a non-trivial way. The bounce
turns out to be generically asymmetric with a rescaling of the Newton’s constant
in the pre-bounce branch. Gauge-covariant fluxes result in a higher order quantum
difference equation in comparison to loop quantum cosmology. Even the behavior of
matter, which behaves innocuously in loop quantum cosmology, is enriched, resulting in an effective non-minimal coupling. These effects are shown to be common to
different choices of regularization parameters.

I.

INTRODUCTION

The search for a well defined and physically viable theory of quantum gravity is as of
today an uncompleted task. As a promising candidate for this endeavor, loop quantum
gravity (LQG) has matured in the recent decades [2–4]. This approach is a non-perturbative
quantization of General Relativity (GR) in its 3 + 1 ADM formulation [5], which is rewritten
in terms of the Ashtekar-Barbero variables in which it takes the form of a gauge theory with
a SU(2) gauge group [6–8]. LQG leads to quantum effects of geometry, such as the discrete
spectrum of geometric operators. These are expected to result in fundamental changes in the
physical predictions from GR at the Planck scale. An important avenue to understand these
effects is the very early universe where pertinent questions are whether discrete quantum
geometry effects result in resolution of big bang singularity, and if there is any direct or
indirect effect in the physics of the very early universe. Answers to these questions have
been explored in loop quantum cosmology (LQC) which is based on techniques of LQG
adapted to symmetry reduced cosmological spacetimes [9, 10]. The high degree of symmetry
in cosmological models allows to explore many features of quantum gravity by putting
methods of LQG in action without various technical difficulties encountered in full LQG
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itself. A key result of LQC is the existence of a quantum bounce first found in homogeneous
and isotropic spacetimes sourced with a massless scalar field [11–13]. In recent years, this
result has been extended to various isotropic and anisotropic spacetimes, polarized Gowdy
models, and current studies aim to uncover quantum gravity signatures via astronomical
observations [14]. Lessons from LQC have also proved useful in understanding the resolution
of singularities in symmetry reduced black hole models (see for eg. [15, 16]).
In the last decade, while LQC has served well as a testbed to extract physics from LQG,
the question of whether LQC is the cosmological sector of LQG (or any of its incarnations) has not yet been answered [17–21]. One promising method to get some hints on
this issue is to study coherent states in some approximations of LQG which are peaked on
semi-classical cosmological space times. Some computations of the expectation values of
the scalar constraint motivated from LQG have shown agreement with those in LQC for
certain regularizations [22–24]. These calculations have been improved, for example by considering regularizations of the scalar constraint which do not assume classical symmetries
of Friedmann-Lemaı̂tre -Robertson-Walker (FLRW) spacetime [25–27]. It must however be
noted that all these computations have so far been performed in non graph-changing regularizations of the scalar constraint, in other words on a fixed graph or, more precisely, a
cubic lattice. On such a finite lattice, whose spacing in some fiducial coordinate metric is a
finite parameter , certain further requirements must be met in order to ensure that coherent
states are peaked over well-behaved classical quantities. We outline these requirements in
the following.
Recall that in LQG one does not quantize the Ashtekar-Barbero variables (AIa (x), EJb (y))
directly in order to avoid operator valued distributions, but instead considers suitable smearings thereof, i.e. the holonomy-flux algebra. While the holonomy of the connection is constructed along an edge e, the electric field (triad) gets normally promoted to a flux E(S), i.e.
smeared against a two-dimensional face S. The electric fields are Poisson commuting, but
there arise technical difficulties in determining the Poisson bracket between two fluxes which
does not close in an obvious way [28]. It has been proposed that, to ensure consistency with
the quantum algebra, one should instead of the holonomy-flux algebra base the quantization
on the Lie algebra of holonomies and vector fields associated with the fluxes. Indeed, by
construction the vector fields form a Lie algebra and, being derivatives, satisfy the Jacobi
identity [28]. However, applying this method to compute expectation values via coherent
states is not straightforward, as it is not obvious how a coherent state could be peaked over
a vector field. There is another resolution of the above problem which is directly useful
for coherent state constructions. This method which works at least in the presence of a
discrete, fixed lattice is based on so-called “covariant” fluxes – functions P (S) built out of
electric field and connection for each face S [1]. Built in such a way, the non-commutativity
between holonomies and electric fields can directly lead to a non-commutativity between the
covariant fluxes, hence providing a natural explanation for their non-trivial algebra.
The approach of gauge-covariant fluxes has the advantage that it is more intuitive and
adept to construct coherent states peaked on cosmological spacetimes. Thus providing
a promising platform to connect LQC with LQG. Apart from this, a major advantage
is that it gives the possibility to address the issue of gauge transformations of the basic variables. Note that while under a gauge transformation the electric field becomes
E b (x) 7→ g(x)E b (x)g(x)−1 , for a finite surface S the standard flux does not transform viably
[1]. Functions like a regularized volume, built from these discretized variables are hence a
priori not gauge-invariant. Only in the continuum limit  → 0 of infinitely dense lattices,
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the gauge-invariance gets restored. But, if one would work in the presence of a finite lattice
parameter, one should consider different phase space functions as basic building-blocks to reobtain gauge invariance. For these reasons such modified fluxes have been actively researched
in recent years [29–37]. However, the very first modification was proposed by Thiemann [1],
where he constructed the gauge-covariant flux P (e), such that for the edge e there exists a
corresponding face S in the associated dual cell-complex to a well-behaved graph Γ. Under a
gauge transformation the gauge-covariant flux transforms as P (e) 7→ g(e(0))P (e)g(e(0)−1 ),
which allows even in the presence of finite lattice spacing  to construct gauge invariant
observables on the discrete phase space of Γ.
In contrast to this, in LQC one does not work with fluxes, but with holonomies and the
symmetry reduced triad (using classical symmetry properties of FLRW spacetime). Therefore, one avoids the necessity to ask about the gauge transformation properties of any discrete
fluxes. Simultaneously, however, one discretizes the connection to holonomies and studies
their value along so-called minimal area loops. The resolution of the initial singularity found
in LQC is primarily based on the finiteness of this minimal area. In contrast to LQG there
is certainly a disparity in the treatment of connection and triads. For one, it would be advantageous to avoid this disparity in the treatment of discretizing connection but not triad
during the quantization procedure. Further, one would like to relate the results of LQC
somehow to LQG where a discretization of fluxes is intrinsically used. However, finite minimal area loop, i.e. finite discretization means that one should work with gauge-covariant
fluxes. For the standard fluxes there exist gauge fixings of the triads to map a discretized set
of conventional fluxes from one classical geometry to any other one (even degenerate ones).
It is therefore not possible to physically distinguish these spacetimes [38]. This serious issue
must be tackled squarely in order to understand the reliability of LQC predictions vis-à-vis
the cosmological sector of LQG. Its resolution forces us immediately to work with gaugecovariant fluxes. As we will see, this causes non-trivial modifications to the volume and all
related quantities, e.g. the LQC quantum constraint.
Following analysis in [39–43], the gauge field theory coherent state can be build on a
given lattice with a finite spacing . The first application of gauge field coherent states
in LQG for U (1)3 on a fixed lattice was performed in [44]. In this manuscript, we will
work with SU(2) group, and motivated by [1] we will consider coherent states peaked on
the holonomies h(e)|cos = h(c) and gauge-covariant fluxes P (e)|cos = P (c, p) of isotropic,
spatially-flat FLRW spacetime. Here (c, p) denote the symmetry reduced connection and
triads which form a canonically conjugate pair in the symmetry reduced gravitational phase
space. A similar coherent state, based on a different graph, was constructed in [37]. A
computation of the expectation values of the scalar constraint is then expected to yield in first
order in the fluctuation the discretized scalar constraint of cosmology, i.e. C  (h(c), P (c, p)).
This expectation value is different from standard regularizations in LQC. Employing the
conjecture that this discretized constraint can be used as an effective Hamiltonian results
in new physics. The task of this manuscript will to be to investigate a loop quantization
of cosmology including these gauge-covariant flux corrections and study a proposal for the
effective dynamics of this system. To put this into action for a concrete toy model, we
will study a certain regularization of the Hamiltonian constraint which is often used in
standard LQC [12, 45, 46]. This is based on utilizing the classical symmetry, that in FLRW
spacetime the extrinsic curvature is proportional to the connection, using which one combines
the Euclidean and Lorentzian term of the Hamiltonian constraint before the quantization
process. Analysis of some properties of the scalar constraint with both the terms discretized
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independently of each other is performed in a companion paper [47], and the results of both
papers were partially summarized in [38].
The outline of the paper is as follows. In Sec. II, we discuss how the phase space of a discretization of a continuous manifold can be obtained. This construct follows [1] and focuses
especially on the fact that all the basic discrete variables transform feasibly under gauge
transformation, such that one can easily construct gauge invariant functions from them.
This procedure is then applied explicitly in the context of spatially-flat isotropic cosmology,
where we adapt the point of view of standard LQC, that is to combine the Euclidean part
and Lorentzian part of the scalar constraint using symmetries of FLRW spacetime. Then, a
gauge-invariant discretization of the resulting scalar constraint is constructed. This regularization of the scalar constraint will be referred to as standard regularization. Alternatively,
one could also treat the Lorentzian part of the scalar constraint independently without invoking any symmetries (also denoted as Thiemann-regularization), however we will fill in on
these details in the companion publication [47].
The standard regularization (effective dynamics) of the scalar constraint is then studied in
Sec. III where the evolution of the isotropic phase space variables (c, p) is investigated. While
this has to be done by numerically solving Hamilton’s equations, the asymptotic behavior of
the system can be computed explicitly in the form of modified Friedmann and Raychaudhuri
equations. It transpires that the backward time evolution of a classical universe, resolves
the initial singularity, as usual, via a big bounce. However, the evolution in the far past can
be matched to a whole family of universes with rescaled constants. All of them differ in a
rescaling of momentum of the scalar field and lapse function, but agree in the same, physical
observable rescaling of the gravitational constant G → Ḡ = G(2/π)4 . In this way the big
bounce is found to be asymmetric, which is the main feature by which this model deviates
from the result in standard LQC. This analysis will be demonstrated for two choices of
lattice parameter : µ0 (old LQC [12, 45]) and µ̄-scheme (improved dynamics [46]). Though
both choices result in a bounce, their physics has striking differences as in standard LQC.
One of the problems of µ0 scheme in standard LQC is that the bounce occurs at smaller
energy densities for larger values of scalar field momentum. Though gauge-covariant fluxes
modify the matter Hamiltonian in a non-trivial way, this problem is found to be without
resolution.
In Sec. IV we turn towards the quantization of the regularized constraint using methods of
LQC. Due to the gauge-covariant flux corrections, the quantization is not straightforward,
but can be achieved by expressing the corrections in terms of a infinite series of shiftoperators. This leads to an manifestly non-local, yet bounded quantum operator, whose
interaction drops sufficiently fast with the LQC-lattice distance.
Finally, we summarize our results in Sec. V and finish with an outlook for further research.
II.

DISCRETE SYMPLECTIC STRUCTURES

In this section we outline the construction of a discrete phase space for a cubic lattice. The
fundamental phase space functions will be built in such a way that they transform covariantly
under local SU(2)-gauge transformations and naturally a non-commuting Poisson brackets
between the fluxes arises. All of this is in analogy to the construction of Thiemann in [1] to
which we refer the reader for all details.
Afterwards we will use his proposal in the explicit context of isotropic, spatially flat
cosmology.
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A.

General Motivation

We begin by outlining the classical continuum phase space (M, Ω) of GR in the AshtekarBarbero variables on a spatial manifold σ. Here M denotes the pair of canonical phase
variables: connections AIa (x)τI and electric fields EJb (y)τJ respectively, and Ω is a symplectic
structure. τI = iσI /2 (I = 1, 2, 3) denote the generators of the Lie algebra su(2), satisfying
tr(τI τJ ) = −δIJ /2 with σI as the Pauli matrices. Using
Z
2
Ω=
d3 x dEIa (x) ∧ dAIa (x)
(1)
κγ σ
we can define the Poisson bracket through {f, g} := Ω(χf , χg ). Explicitly, for a vector
density test field FIa of weight one and a covector test field faI , one obtains for the smeared
quantities
Z
Z
3
a I
A[F ] := d x FI Aa
and
E[f ] := d3 x EIa faI ,
(2)
σ

σ

the following Poisson brackets
0

κγ
{E[f ], A[F ]} =
2

0

{E[f ], E[f ]} = 0 = {A[F ], A[F ]},

Z

d3 x FIa faI

(3)

σ

where κ = 16πG is the gravitational coupling constant and γ ∈ R is the Barbero-Immirzi
parameter.
We will now consider a truncation of (M, Ω) to a given graph Γ. The graph Γ we consider
is a cubic lattice (with possibly infinitely many vertices [43]). This graph shall be adapted
to a fiducial metric η in such a way that the edges of its three directions are along the 3-axes
of coordinates. The coordinate length of each edge is  > 0 with respect to η.
Constructed in this way, Γ allows the definition of a dual cell-complex of faces which
is unique up to diffeomorphisms. We choose its precise form with respect to the fiducial
metric η in the following way [42]. To each edge e of Γ we assign an open face Se carrying
the same orientation as e and such that (i) the faces are mutually non-intersecting, (ii) only
e intersects Se , (iii) the intersection happens only in one point e(1/2) whose distance to
start and end of the edge is both measured as /2 with respect to η, and, (iv) if e is oriented
along direction k then Se is oriented along the directions orthogonal to k.
Along the lines of [1] we define the discrete symplectic manifold (MΓ , ΩΓ ) coming from
the continuum (M, Ω):
Definition 1 i) For any face Se of the dual cell-complex for Γ let p0 = Se ∩ e. For any
point x ∈ Se choose a piecewise analytic path ρx such that ρx (0) = p0 and ρx (1) = x. Also,
for each edge we call e1/2 ⊂ e the partial path of e with e1/2 (0) = e(0) and e1/2 (1) = p0 .
ii) We define the following functions on (M, Ω): the holonomy h(e) ∈ SU(2) of an edge e
Z 1

J
a
h(e) = h(e)(A) := P exp
dt Aa (e(t))τJ ė (t)
(4)
0

and the gauge-covariant flux P J (e):


Z
−1
−1
P (e) = P (e)(A, E) := −2 tr τI h(e1/2 ) h(ρx ) ∗ E(x)h (ρx )h (e1/2 ) .
J

J

S

(5)
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The first advantage of using functions h(e), P (e) is that their behavior under gauge transformation is well understood. The SU(2)-Gauss constraint (whose vanishing must be imposed to the restrict the phase space of the Ashtekar-Barbero variables to one equivalent
with GR) implies the following Hamiltonian flow on the phase space variables
Aa (x) 7→ −(∂a g)(x)g −1 (x) + g(x)Aa (x)g −1 (x)

and

E a (x) 7→ g(x)E a (x)g −1 (x)

(6)

for any field g : σ → SU(2). Using above we find that a holonomy h(e) of the path e
transforms as
h(e) 7→ g(e(0))h(e)g −1 (e(1)) ,

(7)

where e(0) is the beginning point and e(1) is the final point of the path e. In contrast to
the standard fluxes, the gauge-covariant flux P (e) transforms covariantly
P J (e)τJ 7→ g(e(0))P J (e)τJ g −1 (e(1)) .

(8)

This fact allows the construction of discretized phase space functions, which are gaugeinvariant even before removal of the regulator. As a concrete example, consider a family of
lattices {Γ } such that they lie infinitely dense in σ for  → 0. Let v ∈ σ be a vertex of Γ
∀ then
X
1
(e1 , e2 , e3 )IJK P I (e1 )P J (e2 )P K (e3 ) −→ det(E)(v) = Q(v) .
(9)
Q (v) :=
→0
3! e ∩e ∩e =v
1

2

3

In other words Q (v) is a discretization of the continuum function Q(v) while being gaugeinvariant for all .1
The second advantage of using the functions P (e) in contrast to the standard smeared
fluxes, is that it was proven in [1] how a natural Poisson bracket arises for each (MΓ , ΩΓ ).2
In particular, we are interested in the following theorem [1]:
Theorem 1 The smeared functions h(e)(A), P (e)(A, E) give rise to the following bracket
{., .}Γ on MΓ :
{h(e), h(e0 )}Γ = 0
κγ
{P I (e), h(e0 )}Γ =
δ(e, e0 )τI h(e)
2
κγ
I
J 0
{P (e), P (e )}Γ = − δ(e, e0 )IJK P K (e)
2

(10)
(11)
(12)

and {., .}Γ satisfies the Jacobi identity and defines a non-degenerate, exact two-form on MΓ ,
that is, it is a symplectic structure.
1

2

Note that the necessity of implementing a flux that transforms covariantly disappears if one considers
everything the limit of infinitesimal faces. Given that the fluxes reduce to the triad itself for vanishing
regulator, its gauge-transformation is restored in the continuum limit. Of course, this is exactly what has
been done in standard LQG in order to build geometrical operators [48–52].
This was done in the presence of regulated tubes around the holonomies and thick surfaces. The brackets
are then computed in presence of the regulator, which can afterwards be removed smoothly. We refer the
reader to [1] for various details.
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With the algebra (10)-(12) at hand, canonical quantization on the fixed lattice can now
be carried out as is standard in the literature [53]. Indeed, following the usual procedure in
LQG and promoting holonomies to multiplication operators and gauge-covariant fluxes to
right-invariant vector fields (f ∈ HΓ ):
0
(1/2)
ĥ(1/2)
(13)
mn (e )f ({ge }e∈Γ ) := Dmn (ge0 )f ({ge }e∈Γ )
−i~κγ K 0
P̂ I (e0 )f ({ge }e∈Γ ) :=
R (e )f ({ge }e∈Γ ),
(14)
2
one finds that these satisfy commutation relations which exactly agree with the canonical
quantization rule i~{., .} → [., .]. Namely,

[ĥ(1/2) (e), ĥ(1/2) (e0 )] = 0,
I

[RK (e), ĥ(1/2) (e0 )] = δee0 τK ĥ(1/2) (e0 )
J

0

K

[R (e), R (e )] = −δee0 IJK R (e) .

(15)
(16)

In this framework based on a finite lattice it is hence easy to understand the functions P I (e)
as the semiclassical limit of the operators (14), since the commutator algebra reflects the
classical Poisson bracket algebra. A coherent state in HΓ should therefore be chosen such
that it is peaked on P I (e) instead of the standard smeared fluxes E I (S). This is exactly
what has been proposed in [39–43].
In the following, we will hence adopt this strategy and regularize all physical quantities
as functions of h(e), P I (e), as, e.g., shown in (9) for the square of the volume of a single cell.
More complicated operators like the scalar constraint can be regularized following a similar
strategy [27].
B.

Application to Cosmology

Following the coherent state method of computing expectation values, we will in the
this section compute P I (e) explicitly of a cubic lattice Γ with spacing  > 0 for isotropic,
spatially-flat FLRW cosmology.
In a certain gauge-fixing the Ashtekar-Barbero variables for an isotropic spatially-flat
metric can be expressed as,
AIa (x) = c δaI ,
2/3

EIa (x) = p δIa

(17)

1/3

where R|p| = Vo a2 and c = γVo ȧ/Ñ (only for the classical GR). Here Ñ is the lapse and
V0 := σM d3 x is the coordinate volume of a compact subset σM ⊂ σ, which we will choose
to be a torus T 3 with V0 = 1 in the following. We can think of (c, p) as coordinatizing
the subspace of the GR phase space representing spatially-flat, isotropic cosmology with a
reduced symplectic structure:
6
Ωcos =
dp ∧ dc
(18)
κγ
from which the Poisson bracket on the reduced space follows:3
κγ
{p, c} =
.
6
3

(19)

The reader should note, that there exists two conventions in LQG literature for the Poisson-bracket.
The one commonly used in LQC reads {p, c} = −κγ/6. The additional minus sign, however, has no
consequences for physical quantities, so we will stick to (19) in the following.
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Computing the standard fluxes for the face in the dual cell-complex to a lattice Γ oriented
along the coordinate axes with coordinate spacing  one finds,
Z 1
c
c
dt cδaJ τJ (δka )) = ecτk = cos( )1 + 2 sin( )τk
h(ek ) = exp(
(20)
2
2
0
for an holonomy oriented along direction k and
Z
Z
Z /2
I
du
E (ek ) =
(∗EI )(x) =
Sek

−/2

/2

dv pδkI = 2 pδkI .

(21)

−/2

In order to compare this with the gauge-covariant fluxes P (e), one has to choose a certain
set of paths ρ in their construction (5). For the moment, we choose for an edge ek oriented
along coordinate direction k to split ρx = ρx,a ◦ ρ0x,b where kab = 1. The path ρx,a starts
from the intersection point ρx,a [0] = ek ∩ Sek in direction ±a, stays in Sek and its tangent
vector remains constant. The end point of this path, i.e. ρx,a [1], agrees with the starting
point of ρ0x,b and is chosen such that the latter path has a constant tangent vector oriented
along ±b and ends in point x, i.e. ρ0x,b [1] = x.
Let k > 0 and kab = 1. Then

Z /2
Z /2
c
c
I
P (ek ) = − 2 tr τI [cos( )1 + 2 sin( )τk ]
dua
dub h(ρx(ua ,ub ),a )×
(22)
4
4
−/2
−/2

c
c
0
d
0
−1
0
−1
× h(ρx(ua ,ub ),b )abd E (x(ua , ub ))h(ρx(ua ,ub ),b ) h(ρx(ua ,ub ),a ) [cos( )1 + 2 sin( )τk ]
4
4
where we choose a coordinate system of Sek to parametrize the points x = x(ua , ub ). Note
that
Z /2
dub h(ρ0x(ua ,ub ),b )abd E d (x(ua , ub ))h(ρ0x(ua ,ub ),b )−1
−/2

Z

/2

cub
cub
cub
cub
)1 + 2 sin(
)τJ ]pτK δkK [cos(
)1 − 2 sin(
)τJ ]
2
2
2
2
−/2
Z /2
Z /2
K
2 cub
2 cub
=
dub p δk [cos (
)τK − 4 sin (
)τJ τK τJ ] =
dub p δkK [cos(cub )]τK
2
2
−/2
−/2
sin(c/2)
= p δkK τK
(23)
c/2
=

dub [cos(

where we used the vanishing of odd functions under the integral, τJ τK τJ = τK /4 if J 6= K,
and cos2 (x) − sin2 (x) = cos(2x). As the result of (23) is again proportional to τk , the same
calculation goes through for the integral over ua . Finally, using τI2 = −1/4, −2tr(τI τJ ) = δIJ
and tr(τI ) = 0 we obtain
 sin2 (c/2)
c
c
c
c
P (ek ) = −2 tr τI [cos( )1 + 2 sin( )τk ]τk [cos( )1 − 2 sin( )τk ] p
4
4
4
4
(c/2)2
2
c
1
c sin2 (c/2)
2
I sin (c/2)
)
= [δkI cos( )2 + δkI 4 sin2 ( )]p
=
(
p
δ
k
4
4
4
(c/2)2
(c/2)2
= E I (ek ) sinc2 (c/2) .
(24)
I
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The remarkable property of this result is, that it allows us to pass from the known
expressions in the literature using the standard fluxes directly to the gauge-covariant
fluxes by simply replacing p → p sinc2 (c/2). One can hence avoid repetition of lengthy
computation of expectation-values of coherent states, and instead immediately obtain
results by using the gauge-covariant flux in expressions of [25–27]. In other words, the
leading contribution will be nothing else but the regularization of the scalar constraint in
the presence of the gauge-covariant fluxes.
Motivated by these findings, we will close this section by giving an explicit example, of
how such a gauge-invariant regularization looks like. For the purpose of this example, we
choose the scalar constraint where the Lorentzian part is put proportional to the so-called
Euclidean part.4 Moreover, we add a homogeneous, massless, free scalar field φ minimally
coupled to gravity, which can play the role of a relational clock. The Hamiltonian constraint
in this case is given by,
!
Z
2
IJK a b
π
1
E

E
φ
K
J
p
C[Ñ ] = d3 x Ñ
(25)
FI + p
κγ 2 | det(E)| ab 2 | det(E)|
where πφ is the canonical conjugated momentum to φ.
We use the standard regularization strategy from [51, 52], where the curvature
p of the
connection gets approximated by a loop 2 and the volume of a small region by |Q | from
(9). Using the homogeneity symmetry of the cosmological model, this leads finally to the
regularized expression:


p
Ñ πφ2
−4Ñ X
−1



C [Ñ ] =
(i, j, k)tr (h(2ij ) − h(2ji )h(ek ){h(ek , |Q |} + p
48κ2 γ 3 ijk
2 |Q |


= −

Ñ πφ2
6Ñ sin2 (c) p
p
|p|
sinc(c/2)
+
sinc−3 (c/2) .
κγ 2 2
2 |p3 |

(26)

Like any suitable regularization it holds that lim→0 C  [Ñ ] = C[Ñ ] and the deviation from
earlier regularizations considered in the literature [11, 12, 46] is in the aforementioned presence of the sinc-terms. It is the impact of these non-trivial corrections which we will study
in the further sections of this article.
We emphasize that this classical discretization can serve as the starting point of a loop
quantization, where the holonomy-flux algebra gets promoted to operators along (15). In
order to ensure normalizability, the associated Hilbert space is then chosen as the set of
possibly all finite graphs. For example the subset of cubic graphs with periodic boundary
condition can represent a suitable discretization of the compact torus σM ⊂ σ.
III.

REGULARIZED DYNAMICS FOR GAUGE-COVARIANT FLUXES

The Hamiltonian constraint (26) incorporates modifications due to the gauge-covariant
fluxes for the case of a massless scalar field coupled to the gravity in a spatially flat FLRW
4

One might take the point of view, that we restrict partially to cosmology before discretization. Such a
restriction leads to this symmetry, as the curvature term of the scalar constraint vanishes.
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spacetime. For the purpose of this analysis we will fix the orientation of the triad to be
positive throughout this section. Before we can understand the resulting modified dynamics,
we need to fix the regulator  of the lattice which is finite in our analysis. We will investigate
two choices which have been extensively studied in standard LQC: µ0 [12, 45] and µ̄ schemes
[46]. For the first choice, the regulator is a constant which is fixed by comparing the smallest
kinematical area enclosed by the holonomies to the minimum non-zero eigenvalue of the area
operator in LQG, while for the second choice one uses the physical area of the loop which
√
makes µ̄ a function of triad p (in particular µ̄ is proportional to 1/ p). In standard LQC, it
turns out that both choices result in replacing the big bang singularity by a quantum bounce
resulting in a symmetric evolution in pre- and post-bounce regimes. Despite this similarity,
there are striking differences in physics for the two choices of regulators. In particular,
when using the µ0 regulator the bounce can be at arbitrarily small (or large) values of the
energy density by choosing a sufficiently large (or small) value of πφ . This is in contrast to µ̄
regulator where the quantum bounce always occurs at a universal value ρb ≈ 0.41ρPl . Unlike
the µ̄ scheme, the density at the bounce is not independent of the fiducial volume V0 in the
µ0 scheme. Thus, by changing V0 one can induce “quantum gravitational effects” even at
classical scales. Finally, in presence of a positive cosmological constant the µ0 scheme leads
to a recollapse of the scale factor at large volumes which is in direct contradiction with the
cosmological dynamics. It is to be noted that these limitations of µ0 scheme are shared by
various other potential choices of regulators which depend on phase space functions, and it
is only the µ̄ scheme which yields physically viable dynamics in standard LQC [54].
Despite these issues with the µ0 scheme in standard LQC, it is worth investigation for the
following reasons. Since the implementation of gauge covariant fluxes changes geometry- and
matter-part of the scalar constraint non-trivially it is not clear if such a recollapse would still
occur. Indeed, the properties of a system with gauge covariant fluxes will be vastly different
than before and uncover many unexpected features as we will discuss below. Moreover,
when restricting the µ0 scheme to a compact torus, the dependence of the coordinate volume
accounts merely to a diffeomorphism dependency [21]. Therefore to understand restrictions
on any regularization one needs to carefully study diffeomorphism invariant observables.
Lastly, it must be emphasized that the µ0 scheme of cosmology is the only one which can
be obtained as a reduction of a gauge-invariant regularization of the general connection and
triad fields. Until the present day, the µ̄-scheme lacks such a relation to the full theory.
In contrast to standard LQC, obtaining reliable dynamics in the presence of gaugecovariant fluxes is far more involved due to the complexity of the dynamical equations.
Though obtaining a closed form for modified Friedmann and Raychaudhuri equations is
quite difficult, in order to understand resulting dynamics we obtain the modified Hamilton’s
equations resulting from (26) which are then numerically solved.5 In LQC literature, such
dynamics is considered to be the effective dynamics which in various cases has been rigorously confirmed using numerical simulations of the coherent states evolved using quantum
evolution operator (see for eg. [46, 55, 56]). The effective dynamics in LQC turns out to be
in perfect agreement with the expectation value of the quantum Hamiltonian constraint of
the same coherent states [57]. Assuming that a similar effect may hold also true for models
involving gauge-covariant flux corrections, we will later in Sec. IV construct a quantum op5

As is usual in LQC for spatially flat FLRW model, we ignore modifications resulting from quantization of
inverse triad operators to regularized dynamics. In standard LQC, such modifications result in negligible
effects in dynamical evolution [12, 46].
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erator, whose expectation value is expected to be (26) in leading order in the spread of the
state. In our analysis, we refer to the evolution produced by it as “regularized dynamics”.
From this regularized dynamics, the main result is that the big bang singularity is replaced
by a quantum bounce but there are many significant changes from standard LQC as will
be described below. We further note that by incorporating the gauge-covariant fluxes, we
have introduced a regularization of the triad p → pg.c. = p sinc2 (c/2). Similarly, the volume
becomes vg.c. := p3/2 sinc3 (c/2). As a result the energy density using regularized volume is
given by ρ = HM /vg.c. respectively, where HM is the matter Hamiltonian.
Above non-trivial change in the energy density seemingly implies that the matter energy
conservation, which is true in standard LQC, may no longer hold. However, it can be
shown that the energy conservation does hold with gauge-covariant flux modifications, if
one carefully takes into account, the time evolution of energy density and the expansion
rate.
A.

The µ0 -scheme

This choice of the regulator appeared in the earliest works in LQC, and is based on
considering the minimum square area of the loops over which holonomies are constructed,
with respect
to the fiducial metric, and equating it with the minimum non-zero eigenvalue
√
∆ = 4 3πγ`2P of the area operator in LQG [9, 11, 12, 45] which results in:
√
 = µ0 ,
µ0 := 3 3
(27)
In the following, we will choose natural units `P = G = ~ = c = 1.
The vanishing of the Hamiltonian constraint (26) immediately results in the following
expression of energy density:
ρ=

6
p1/2 sin2 (cµ0 )sinc−2 (cµ0 /2) .
κγ 2 µ20

(28)

From this expression we see that there is no global bound for the energy density in the
dynamical evolution in the µ0 scheme (as is the situation in standard LQC). Depending on
the value of the triad p at which the quantum bounce occurs, which in turn is determined
by the value of πφ , the energy density at the bounce changes and can be much smaller or
larger than the Planckian value.
The Hamilton’s equation can be computed using (26) which turn out to be (when choosing
lapse Ñ = 1)
πφ2 γκ
1 sin2 (cµ0 )
ċ = − √
sinc(cµ
/2)
−
sinc−3 (cµ0 /2) ,
(29)
0
2 pγ
µ20
8p5/2
"
 cµ 


1
0
2
4 cµ0

8p
cos
sinc
(cµ0 − 2 sin (cµ0 ) + 5cµ0 cos (cµ0 ))
ṗ =
2
2
16µ0 γp3/2 sinc2 cµ20
#

 cµ 

 cµ 
0
0
+ γ 2 κµ20 πφ2 cµ0 cot
− 2 csc
,
(30)
2
2
πφ
φ̇ = 3/2 sinc−3 (cµ0 /2) ,
(31)
p
π̇φ = 0 .
(32)
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These equations can be numerically solved, a representative of which are plotted in Fig. 1.
From these plots we see a bounce of the volume of the universe along with boundedness of
µ0 c, ρ and Hubble rate H. Before we discuss these plots, and differences from standard LQC,
it is instructive to study the asymptotic behavior of C µ0 [Ñ ] in post-bounce and pre-bounce
phases. In particular, we wish to understand the form of the (modified) Friedmann equation
and Raychaudhuri equation far away from the bounce, at very large volumes or equivalently
very small energy density.
As in standard LQC, it is clear from C µ0 [Ñ ] = 0 that ρ will become small around the zeros
of sin(cµ0 ). Choosing some of those, we expand around c = 0, π/µ0 .6 If one chooses one of
these points to correspond to post-bounce regime, the other corresponds to the pre-bounce
regime (see Fig. 1). Around c ' 0 the scalar constraint from (26) becomes (neglecting all
contributions higher than c3 )
6Ñ √ 2 Ñ πφ2
c2 µ20
C [Ñ ] =
) + O(c4 ) ≈ 0 .
pc + 3/2 (1 +
2
κγ
2p
8
µ0

c'0

(33)

This can be solved for c as:
s
−1
p
µ20 πφ2 κγ 2
πφ κγ 2
c=± √
.
1−
96p2
p 12
We can then obtain the following Hamilton’s equation in the limit of large p:
√
p sin(2cµ0 )
µ0
ṗ = {C [Ñ ], p} = Ñ
sinc(cµ0 /2) + O(p−3/2 ) .
γ


(34)

(35)

We eliminate therein c using (34) to obtain the Friedmann equation. Similarly we can use
√
ä = {C[Ñ ], ṗ/(2 p)} to determine the Raychaudhuri equation. Together they read:
 2
ȧ
κ πφ2
+ O(p−4 ) ,
(36)
|c'0 = Ñ 2
a
6 2p3
 
π2
ä
2κ φ
|c'0 = −Ñ
+ O(p−4 ) .
(37)
3
a
3 2p
As it turns out this agrees in its leading order in the matter energy density with the classical
Friedmann and Raychaudhuri equations, which are commonly written with Ñ = 1. Note
that in the above equations, since sinc(cµ0 )|c'0 ' 1 one gets pg.c. ' p. As a result, the energy
3/2
density ρ = HM /pg.c. for the massless scalar field equals the conventional expression πφ2 /2p3 .
Hence, we find that in the presence of gauge-covariant flux modifications the asymptotic
regime in the neighborhood of c ' 0 agrees with the one of classical GR.
As already mentioned, another obvious phase space point for small ρ is at c = π/µ0 . To
determine the effective Friedmann equation at this point, we perform a canonical transformation c∗ := π/µ0 − c and proceed again as before:


Ñ πφ2 1 − (c∗ µ0 /2)2 /2 −3
6Ñ ∗ 2 √ 1 − (c∗ µ0 /2)2
c∗ '0
µ0
C [Ñ ] = − 2 c
p
+ 3/2
+ O(c∗ 3 ) ≈ 0 (38)
∗
∗
κγ
π/2 − c µ0 /2 2p
π/2 − c µ0 /2
6

As the numerical investigation below demonstrates, it suffices to study the expansion around these two
points. Given suitable initial conditions, the dynamics drives exactly to these asymptotes.
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which can be solved for c∗ as:
p
κγ 2  π 2
π
φ
c∗ = ± √
+ O(p−2 ) .
2
p 12

(39)

We see, that this is already at leading order different than (34), which is caused by the
expansion of sinc around π/2.
Once again, this will be inserted into ṗ as determined by the Hamiltonian flow of the
constraint. In the same manner, we determine ä via the flow of the constraint and after
some algebra we find modified Friedmann and Raychaudhuri equations:
 2
π2
π 2 h π i2
ȧ
2κ φ
−2
−4
2κ φ
|c'π/µ0 = Ñ
sinc (π/2) + O(p ) = Ñ
+ O(p−4 ),
(40)
a
6 2p3
6 2p3 2
 
π 2 h π i2
κ πφ2
ä
−2
−4
2κ φ
|c'π/µ0 = −Ñ 2
+ O(p−4 ) . (41)
sinc
(π/2)
+
O(p
)
=
−
Ñ
a
3 2p3
3 2p3 2
These equations are manifestly different from the classical expression. Moreover, one realizes
that unlike the case of c = 0, the velocity of the scalar field is modified around c = π/µ0 ,
namely
πφ h π i 3
φ̇|c'π/µ0 = {C µ0 [Ñ ], φ}|c'π/µ0 = Ñ √ 3
+ O(p−4 ) .
(42)
p 2
Above equations imply that one can find a rescaling of Ñ , πφ and G as
π̄φ = πφ α,

N̄ = Ñ [π/2]3 α−1 ,

Ḡ = G [2/π]4

(43)

such that for any α ∈ R\{0} the dynamical equations take again the form of classical
Friedmann equations with rescaled scalar field momentum π̄φ and with modified Newton’s
coupling constant Ḡ and new lapse N̄ . The freedom in choice of α implies that one could for
example absorb the rescaling of lapse completely in πφ . On the other hand, it also possible
to choose α = 1, i.e. we merely rescale the lapse function, which reflects simply a choice of
coordinate system and has therefore no physical relevance.7 Thus, if one chooses α = 1, one
isolates the physically relevant rescaling of G → Ḡ.
Given the observational constraints on G, this asymptotic regime is ruled out to represent
the post-bounce expanding branch of our universe, and can only correspond to the prebounce phase (see Ref. [58] for a discussion on a similar constraint). Thus, in the asymptotic
pre-bounce regime, the dynamical equations from (26) correspond to classical Friedmann
and Raychaudhuri equations expressed in standard scale factor (or triads) with a modified
Newton’s coupling constant given by (43).
We want to point out, that there also exists a second branch of solutions, which are the
time-reversed version of the former. If one expands the Friedmann equations around the
point c = −π/µ0 , one finds another classical asymptote with the same rescaling. However,
this solution has to be interpreted in such a way that the rescaled universe lies in the
post-bounce branch. Of course, the previous analysis can in principle be repeated for all
7

This can be also seen, when realizing that relational observables, such as v(φ), do classically not depend
on πφ , which is seen therefore to be pure gauge in the v − φ plane.
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FIG. 1: Plots show the evolution of gauge-covariant volume with respect to scalar field, and Hubble
rate (computed using gauge-covariant scale factor) with respect to coordinate time t for the case
of Hamiltonian constraint (26) (red-solid curve). Comparison is made to LQC solution (blue-long
dashed curve) starting from same initial conditions in the far future using standard volume v.
Lapse is chosen to be unity for these simulations. The black-dashed curve corresponds to LQC
solution with a modified values of Newton’s constant and scalar field momentum given by (43).
Note that this the is independent of the choice of α. In contrast to standard LQC, gauge-covariant
fluxes result in an asymmetric bounce of the universe. In the post-bounce regime there is an
excellent agreement with LQC at late times, whereas in the pre-bounce regime the LQC solution
with rescaled G and πφ matches the one with gauge-covariant fluxes modifications.

b := cµ̄ ' zπ with z ∈ Z. In standard LQC these choices corresponded to several branches,
which were all physically indistinguishable as the flow of the Hamiltonian constraint in
standard LQC interpolates between (z − 1)π and zπ. In that case each point zπ corresponds
to an asymptotic point where classical FLRW universe gets approached. As a result, in
standard LQC it is not possible to decide the corresponding branch of the universal dynamics
from physical observations.
However, in presence of the gauge-covariant fluxes the situation changes dramatically.
Similar to (40), at cµ0 ' zπ the rescaling in the Friedmann and Raychaudhuri equations goes
as sinc(zπ/2)−2 . In other words, the only two branches featuring as classical FLRW universe
in one asymptotic limit are the two principal branches c ∈ (−π/µ0 , 0) and c ∈ (0, π/µ0 ). It
should be noted that one principal branch is exactly the time reverse version of the other
principal branch. That means that if initial conditions are given in the pre-bounce branch,
then a rescaling of constants occurs for the post-bounce branch. The asymptotic properties
of the solutions, as discussed above, show that the rescaling G → Ḡ 6= G is an intrinsic
feature of the Hamiltonian with gauge-covariant flux modifications. This rescaling holds
irrespective of the initial conditions. Thus, there is no choice for G such that the effective
Newton’s constant as measured on both sides of the bounce is the same. The same result
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FIG. 2: Behavior of connection c and energy density ρ are plotted versus φ. Initial conditions
and conventions correspond to those in Fig. 1. The black-dashed curve in energy density plot is
bounded above by 0.0016 for the values specified in the main text. This value differs from standard
LQC value because of rescaling of the G.

holds true for the µ̄-scheme.
In summary, it transpires that the quantum evolution through the bounce will be asymmetric by connecting two phase space points of classical/rescaled FLRW. This is confirmed
by the numerical solutions for which we consider Barbero-Immirzi parameter γ = 0.2375,
and choose as initial state at late times a universe with p(t0 ) = 6 × 104 , φ(t0 ) = 13.5 and
πφ (t0 ) = 300 with t0 = 0. From the Hamilton’s equations we see that the latter value turns
out to be a constant of motion. Further, the initial condition for φ plays little role because of the rescaling freedom in φ since the Hamiltonian constraint is φ independent. The
corresponding initial value of c(t0 ) can be determined by implementing the Hamiltonian
constraint. Figs. 1 and 2 show the evolution of volume, Hubble rate, connection and energy
density confirming the resolution of big bang singularity which is replaced with a bounce
which occurs when Hubble rate vanishes and energy density takes a maximum value. The
maximal energy density at the bounce is smaller compared to mainstream LQC, however in
the far past/future it approaches zero or the classical spacetime. A pronounced difference
is an asymmetric bounce when gauge covariant fluxes are included. We emphasize that this
asymmetry is not caused by usage of gauge-covariant volume while plotting above figures
but exists even while plotting standard triads or volumes using dynamics resulting from
(26). This can be seen in Fig. 3, where we have plotted standard triad for the same initial
conditions.
Finally, we point out that the energy density at the bounce can be made arbitrarily small
by choice of scalar field momentum. As the value of πφ is increased, the energy density at
the bounce decreases. As mentioned earlier, this is one of the limitations of µ0 scheme in
LQC which also holds in the presence of gauge-covariant flux modifications. This limitation
is overcome in the µ̄-scheme discussed in the following where energy density at the bounce
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FIG. 3: Evolution of standard triad with respect to scalar field is shown. Left plot corresponds to
the µ0 -scheme, and the right plot to the µ̄-scheme. The asymmetric bounce is visible in both the
cases. Conventions and initial conditions for different curves are of Figs. 1 and 4 for µ0 and µ̄ cases
respectively. Note the disagreement between the black-dashed curve with the red-sold curve in the
pre-bounce regime. The mismatch is because of difference between the evolution of gauge-covariant
triad (captured asymptotically by black-dashed curve) and the standard triad.

turns out to be a universal maximum.
B.

The µ̄-scheme

To overcome limitations of µ0 -scheme, the µ̄-scheme (also known as improved dynamics)
was introduced in [46]. Instead of adapting the regularization parameter to the fixed minimum area-eigenvalue, the µ̄-scheme adapts it with the physical area pµ̄ of a loop with ∆.
The regularization choice is:
p
(44)
µ̄ := ∆/|p|
While it was shown that this scheme has favorable physical properties, its implementation
using LQG has not yet been established.8 As mentioned earlier, out of various possible
regularizations it is only the µ̄-scheme which is known to be physically viable at ultra-violet
and infra-red scales, and with physical predictions which are free from fiducial structures [54].
In other words, we are forced to implement the µ̄-scheme a posteriori after the regularized
constraint C  [Ñ ] has been obtained. This is relevant for the case of study here, as the
8

In the full theory the regularization parameter is chosen to be a real number  ∈ R and not dependent
on the phase space variables. This allowed the replacement of physical quantities inside Poisson brackets
with their regulated analogs.
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implementation of  → µ̄ and the gauge-covariant flux corrections p → p sinc2 (c/2) do not
commute. In this section we will hence study the constraint which arises, if one incorporates
first the gauge-covariant flux corrections, i.e. C µ̄ [Ñ ] from (26), or explicitly:
C µ̄ [Ñ ] = −

πφ2
6
√ 3
2
−3
sin
(cµ̄)
p
sinc(cµ̄/2)
+
√ 3 sinc (cµ̄/2) .
κγ 2 ∆
2 p

(45)

An important advantage of the µ̄-scheme in contrast to the earlier µ0 in standard LQC was
that the bounce occurs at a universal value, ρb ≈ 0.41ρPl . Let us see whether this feature
holds when modifications due to gauge-covariant fluxes are included. Using gauge-covariant
expression for energy density ρ := πφ2 /(2p3 sinc6 (µ̄c/2)), the vanishing of the constraint (26)
yields
ρ=

6
sin2 (cµ̄)sinc−2 (cµ̄/2)
2
κγ ∆

(46)

whose maximum in 0 < cµ̄ < π is unique and can numerically be determined at
cµ̄ ' 1.32419 with ρmax ' 0.515, which is a bigger value compared to standard LQC. Thus,
unlike µ0 -scheme discussed earlier, quantum bounce occurs at the same value of energy
density irrespective of the initial conditions.
The Hamilton’s equations can be derived in a straightforward way, which turn out to be
(choosing lapse Ñ = 1),


  cµ̄ 
 cµ̄ 
1 √
cµ̄
2
ċ =
p sin (cµ̄) cos
− 3 sinc
+ c sin(2cµ̄)sinc( )
2γ∆
2
2
2


2





γκπφ
2p1/2
cµ̄
cµ̄
cµ̄ 
 cos
+ 5/2
− sinc
−√
sin
2
2
2
8p sinc4 cµ̄
∆c
2
 2
cµ̄
p sin 2 sin (cµ̄)
,
(47)
−
γc∆3/2

 cµ̄ 
 
1
2
4 cµ̄
 8p cos
ṗ =
sinc
(cµ̄ − 2 sin (cµ̄) + 5cµ̄ cos (cµ̄))
2
2
16µ̄γp3/2 sinc2 cµ̄
2

 cµ̄ 

 cµ̄  
2
2 2
+ γ κµ̄ πφ cµ̄ cot
− 2 csc
,
(48)
2
2
πφ
(49)
φ̇ = 3/2 sinc(cµ̄)−3 ,
p
π̇φ = 0 .
(50)
The asymptotic properties can be studied in a similar way as in µ0 -scheme. We are
interested in two asymptotic regimes, the post-bounce regime identified by b := cµ̄ ' 0,
and the pre-bounce regime corresponding to b ' π. In both the regimes, energy density is
extremely small compared to Planck scale and one expects classical GR to hold true. In the
regime b ' 0 we obtain the classical Friedmann and Raychaudhuri equations
 2
π2
ȧ
2κ φ
|b'0 = Ñ
+ O(p−4 ),
(51)
a
6 2p3
 
ä
κ πφ2
|b'0 = −Ñ 2
+ O(p−4 ),
(52)
a
3 2p3
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with no change in the classical Hamilton’s equations. On the other hand in the region b ≈ π,
we find again in leading order in ρ the same rescaling as in (40):
 2
κ πφ2 h π i2
ȧ
|b'π = Ñ 2
+ O(p−4 ),
a
6 2p3 2
 
π 2 h π i2
ä
2κ φ
|b'π = −Ñ
+ O(p−4 ),
a
3 2p3 2
πφ h π i3
φ̇|b'π = Ñ √ 3
+ O(p−4 ).
p 2

(53)
(54)
(55)

The previous analysis can in principle be repeated for all b := cµ̄ ' zπ with z ∈ Z. In
standard LQC these choices corresponded to several branches, which were all physically
indistinguishable as the flow of the Hamiltonian constraint in standard LQC interpolates
between (z−1)π and zπ. In that case each point zπ corresponds to an asymptotic point where
classical FLRW universe gets approached. As a result, in standard LQC it is not possible
to decide the corresponding branch of the universal dynamics from physical observations.
However, in presence of the gauge-covariant fluxes the situation changes dramatically.
Similar to (40), at b ' zπ the rescaling in the Friedmann and Raychaudhuri equations goes
as sinc(zπ/2)−2 . In other words, the only two branches featuring as classical FLRW universe
in one asymptotic limit are the two principal branches b ∈ (−π, 0) and b ∈ (0, π). Hence,
we can restrict our phase space safely to any region containing (−π, π).
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FIG. 4: Variation of gauge-covariant volume with respect to φ and the Hubble rate with respect to
t are plotted for µ̄-scheme (red-solid curves). The blue-long dashed curve shows the standard LQC
in the post-bounce regime, whereas the black-dashed curve shows standard LQC with rescaled
values of Newton’s constant and scalar field momentum (43).

We investigate now the flow of the scalar constraint as regularized by (26) numerically as
for the µ0 -scheme. The following initial conditions are chosen as in the µ0 -scheme: p(t0 ) =
6 × 104 , φ(t0 ) = 13.5 and πφ (t0 ) = 300 where t0 = 0. The initial condition for c(t0 ) at
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initial time is determined via the Hamiltonian constraint. The result is presented in Figs. 4
and 5 where the evolution of the scalar constraint C µ̄ including the gauge-covariant fluxes
is compared with the scalar constraint used in standard LQC. In these figures we have
shown the variation of gauge-covariant volume, Hubble rate, c and energy density, which
confirm the existence of a quantum bounce in Planck regime. As in the µ0 case, the bounce
is asymmetric. While LQC matches post-bounce trajectory, the pre-bounce dynamics is
captured only with LQC when a rescaling of Newton’s constant (43) with e.g. α = 1 is
incorporated. Note that in this case the bounce always occurs at the maximum value of ρ.
Further, as shown in Fig. 3 the asymmetry of bounce persists even when we study standard
triads for the evolution resulting from (26).
We tested robustness of our numerical results for various initial conditions and more
than 500 test cases for µ0 and µ̄-schemes. The values of scalar field momentum ranged from
πφ = 10 – 10000 in our simulations. Some examples of these simulations are shown in Fig.
6, all of which reveal asymmetric bounces. We find that the volume at the bounce depends
on the value of πφ , with higher values of πφ result in bounces at larger values of volume.
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FIG. 5: The connection c and energy density ρ are plotted versus φ for µ̄-scheme. Conventions are
the same as in Fig. 4. As in standard LQC, the energy density is universally bounded but has an
asymmetric profile across the bounce.

IV.

TOWARDS LQC QUANTIZATION FOR GAUGE-COVARIANT FLUXES

In this section we consider the quantization of the Hamiltonian constraint C µ̄ [N ] from
(26) which incorporates the gauge-covariant flux corrections. Throughout this section the
orientation of the triad will again be left unspecified. We work towards a quantization in
the context of standard LQC using µ̄-scheme [13, 46]. A quantization using µ0 regulator can
be performed following analogous steps discussed below.
Note that the gauge-covariant flux corrections introduce the appearance of terms of the
form sin(b/2)/(b/2) where b := cµ̄ and while the quantization of sin(b/2) is standard in

20
12

18

16

10

14

ln(v)

ln(v)

8

12

10

6

8
4

6

4
8

9

10

11

ϕ

12

13

14

2
8

9

10

11

12

13

ϕ
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using gauge-covariant fluxes. Dashed-green curve corresponds to πφ = 10, dot-dashed curve corresponds to πφ = 100, πφ = 1000 is shown in dotted-orange and πφ = 10000 in solid purple. For all
cases, we find an asymmetric bounce.

the LQC Hilbert space in terms of shift operators, it is a priori unclear how to deal with
b−1 = (cµ̄)−1 . Hence, we will rewrite the classical expression in such a manner that it
becomes suitable for quantization.
It is a widely known fact that the quantization of b alone is not possible, because it is not
an almost periodic function. It would hence not be supported on the kinematical Hilbert
space Hkin of LQC. This Hilbert space are exactly the functions with ψ(b) = ψ(π − b) in
the representation where sin(b) acts by multiplication. However, multiplication by b itself,
does not leave this space invariant. This fact has been encountered before in the literature,
most notably in the context of Bianchi-II cosmologies. A quantization of this spacetime
has been achieved in [59] by writing a connection operator using open holonomies which
leads to replacing b 7→ sin(b) before quantization. This strategy had been often used for the
quantization of other cosmological space times [60–64] and compared against the standard
LQC quantization of the anisotropic model in [65]. Albeit above features of this quantization,
it is not applicable in our case, as we have to incorporate an inverse power of b into the
framework. And as b approaches zero in the far future, this would imply the quantization
of a quantity which classically diverges in the present epoch.
Instead of considering alternative quantization schemes, one can take advantage of the
fact that the full gauge-covariant flux correction always remains bounded: sinc(b/2) ≤ 1
for all b. It would hence be much more natural to quantize the sinc-function as a whole.
However, sinc is again not an almost-periodic function for all its values. Yet, classically the
trajectories which belong to physical viable solutions, i.e. featuring todays universe in the
far future, do not exhaust the full range of b ∈ R. Indeed, as one can see from Figs. 2 and
5, the argument of sinc(c) always remains in the range c ∈ (0, π) independently of the
scheme used. As outlined in the end of the last section, this together with the solution for
c ∈ (−π, 0) corresponds to the principal branches. Moreover, these principal branches are
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the only physical viable ones, as they allow the recovery of a classical, non-rescaled FLRW
universe in their asymptotic limits b = 0. Consequently, it justifies to restrict the parameter
space of b to (−π, π).
This motivates the replacement of sinc(b) by a function T F (b) such that both of them
agree in (−π, π), while T F (b) is an almost periodic function of b.9 This can be achieved via
finding the Fourier series of sinc function restricted to a compact interval I. We will choose
I = (−2π, 2π) for better convergence between ±π at finite orders of the Fourier series. Since,
sinc as well as its derivative are both continuous and square integrable, its Fourier series
converges absolutely and uniformly to sinc. Hence, for b ∈ I the following holds,
Z 2π
N
X
1
sin(x)2 cos(nx)
2
sinc(b) = T F∞ (b), T FN (b) := a0 /2+
an cos(nb/2), an :=
dx
.
2
2π
x
−2π
n=1
(56)
Here we have taken use of the fact that sinc is an even function and hence all contributions
of sin(nb) vanish.
For practical purposes one might want to truncate the series at a finite number of terms N .
Especially for numerical evolution of the quantum constraint a fast convergence of the series
would be desirable. In particular, the evolution governed by (26) in the µ̄-scheme can for
example be represented by T FN with N = 4 up to a relative error of (|psinc −pT FN |/psinc )[φ] <
0.01 (see figure 7). For general estimations on the remainder term of Fourier series see for
e.g. [66, 67].
Rewriting C µ̄ [N ] using T FN from (56) allows now to proceed to the quantization on the
kinematical Hilbert space of LQC [9, 10, 68–70]. We promote the volume v := p3/2 to a
multiplication operator on Hkin := L2 (R̄, dµBohr (v)) of square integrable functions on the
Bohr compactification of the real line:
V̂ |vi = (2πγ`2P )|v| |vi,

hv, v 0 i = δv,v0

(57)

where |vi form hence an orthonormal basis of eigenstates. Since, b is the canonical conjugated
variable to v, its exponentiation acts as a shift-operator:
iλb |vi = N̂ 2λ |vi = |v + 2λi.
ed

(58)

Note that L2 (R̄, dµBohr (v)) includes square integrable functions with negative v. Thus, we
define as kinematical Hilbert space the subspace of symmetric states,
Hgr := {ψ(v) ∈ Hkin : ψ(v) = ψ(−v)}

(59)

by which we encode the fact that v → −v is a large gauge transformation which does not
change the physics of the model [12].
The quantum version of T FN then simply becomes
N

X
a0
an  n
d
T
F N := 1Hgr +
N̂ + N̂ −n .
2
2
n=1

9

(60)

This is analogous to the situation in standard LQC where b is considered in the range (−π/λ, π/λ) (where
√
λ = ∆) in quantization. As in LQC, this does not in any way result in ignoring any physically viable
sector of the theory corresponding to evolution from late times of our universe to big bounce and beyond.
This is because such a dynamical evolution corresponds to above range.
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FIG. 7: The relative error of the dynamics approximated with T FN is plotted. Starting with the
same initial conditions in far future (φ = 13.5), we determine the evolution of a µ̄-Hamiltonian with
sinc(b) respectively T FN (b) (N = 4, 5, 8, 11) as gauge-covariant-flux corrections. The canonical
variable psinc (t) is well-approximated by pT F (t) until very late into the past. The bounce happens
at φ = 11.5 for sinc(b) and shortly afterwards in T F (b). Outside of the quantum regime, the relative
error |psinc −pT F |/psinc accumulates for φ → ±∞. However, inside the region where quantum effects
are important the mismatch can be made arbitrary small by choosing N sufficiently large. The
inset figure shows the zoom of the behavior of the curves in the far past.

d
We can extend this definition to account also for T
F ∞ . Indeed, this operator is well defined
on Hgr as it commutes with the parity operator Πψ(v) := ψ(−v). Moreover, it is a bounded
operator of unit norm, since for ψ(v) ∈ Hgr with ||ψ|| = 1 the following holds
∞
∞
X
an
1 X
a0
d
(||ψ(. + n)|| + ||ψ(. − n)||) =
an = sinc(0)2 = 1 . (61)
||T F ∞ ψ|| = ||ψ|| +
2
2
2 n=−∞
n=1

With this operator at hand, we can now finally proceed towards the quantization of C µ̄ [N ].
To keep the quantization procedure of scalar constraint (26) as close as possible to standard LQC, we will also incorporate the inverse volume corrections and symmetric ordering
3/2
in our construction. However, we will choose as lapse function N = v × T F∞ (as opposed
to the usual choice of N = v in solvable LQC [13]) in order to make the matter part of
the constraint independent of v as well as b. Then, we can promote the matter part to
a constraint operator 1Hgr ⊗ Ĥφ on the direct product Hilbert space Htotal := Hgr ⊗ Hφ .
The latter one is defined using the standard Schrödinger representation Hφ = L2 (R, dφ), on
which φ̂ = φ and π̂φ = i~∂φ .
We can now immediately use known results of the literature [46, 71], to which we multiply
the volume from the lapse and the gauge-covariant flux corrections. Note that when passing
from the classical expression to operators the choice of ordering becomes important. Similar
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to [11, 12, 46] we will not only choose a symmetric ordering for the standard geometric parts
of the constraint, but moreover order the sinc-terms in a symmetric fashion.
That is, we obtain as the full evolution operator:
p
p
d
d
−~2 ∂φ2 = −2 T
F ∞ V̂ Ĉ µ̄ V̂ T
F ∞ =: ~2 ΘT F
(62)
where the quantum scalar constraint operator is the standard LQC operator [10, 46]
Ĉ µ̄ |vi =


−3~ 
√
f (v + 2)N̂ 4 − f0 (v)1Hgr + f (v − 2)N̂ −4 |vi
32γ ∆

(63)

with
f0 (v) := f (v + 2) + f (v − 2),

f (v) := −|v|(|v + 1| − |v − 1|)

(64)

It is now of interest, to study further properties of the finite difference operator ΘT F and
the quantum evolution it produces and its comparison with the regularized dynamics. We
will come back to this task in a later publication.

V.

CONCLUSION

In the last decade and half progress in LQC has provided a promising avenue to understand quantum gravitational effects for cosmological models. Resolution of cosmological
singularities for various spacetimes has been explored, along with departures from GR in the
very early universe with potential signatures in CMB. However, until today the connection
between LQC and LQG is still unknown. As a result, the way Planck scale physics in LQC
changes as we bring it closer to methods of LQG is an important question to be answered
to understand robustness and reliability of phenomenological predictions. One way to answer these questions would be to explore the cosmological sector of LQG which has recently
attracted a lot of activity [19–26]. A preliminary insight from these investigations is that
the physics, at least of singularity resolution, should change from standard LQC [22–26].
Here coherent state methods have proved to be very useful to explore cosmological implications of LQG and compare with LQC. Despite these advances there are serious gaps in
these constructions, since some aspects of the semiclassical analysis of coherent states on
fixed graphs in LQG are so far not projected to LQC. An example is that the commutator
between right-invariant vector fields is non-zero, whereas the classical Poisson-bracket between triads vanishes. One way to solve this puzzle comes from using gauge-covariant fluxes
[38], introduced first by Thiemann [1], which leads to classical non-commuting phase space
functions and is well suited for coherent state techniques in LQG [39–43].
In this manuscript we have introduced a new regularization scheme for the constraint
operator of LQC which is based on switching from the standard fluxes, i.e. the electric field
smeared against two-dimensional surfaces, to said gauge-covariant fluxes following Thiemann’s construction [1]. In contrast to former proposals, the new fluxes transform feasibly
under gauge transformations and allow a straightforward construction of gauge-invariant
quantities in the presence of finite discretization. One such possible discretization is a cubic
lattice with finite lattice spacing. For this, we repeated the construction of the gaugecovariant fluxes for cosmology and have shown an actual regularization to the volume of
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a region, such that it is (i) build only from the discrete lattice phase space variables, (ii)
reduces to the actual volume of the region in the limit of vanishing regularization parameter,
and (iii) gauge-invariant for all values of the regularization parameter. An advantage of this
procedure is that it simplifies computations in the full theory as it rightfully allows to skip
projecting the gauge coherent states to the Gauss-invariant Hilbert space. One can take use
of the fact that the expectation value of gauge-invariant quantities for group-averaged coherent states (which are solutions to the quantum Gauss constraint) equals in leading order
in the spread with the coherent states, before the averaging procedure. Hence, motivating
regularizations for LQC from the full theory becomes a rigorous procedure in our setting.
Then, we have studied the form of these gauge-covariant flux corrections to the Hamiltonian constraint of spatially-flat, isotropic cosmological spacetime sourced with a massless
scalar field. In the scalar constraint we considered, the Lorentzian term is combined with the
Euclidean term owing to classical symmetry reduction as in standard LQC before any discretization is introduced. Modifications where Euclidean and Lorentzian terms are treated
independently, along with inclusion of cosmological constant have also been studied in a
companion paper [47]. We find that the Hamiltonian constraint is modified with additional
bounded sinc-term of the connection emerging from the transformation p → p sinc2 (c/2).
This modification affects both the gravitational and matter parts of the scalar constraint.
Since the modifications depend on connection, and hence spacetime curvature, a novel change
from standard LQC is that matter behaves as non-minimally coupled. This can have interesting phenomenological consequences including for inflationary spacetimes which will be
explored elsewhere.
In the present manuscript, we have focused our attention on the non-trivial changes in
the physics of the quantum bounce originating from the use of gauge-covariant fluxes for µ0
as well as µ̄ schemes. We show that in both schemes there exists a transition through the
quantum region in form of a bounce between our universe in the far future and an old universe
in the far past. Once, again this presents a resolution of the initial singularity. However, in
contrast to mainstream LQC the evolution as driven by the standard regularization of the
scalar constraint is no longer symmetric, i.e. the universe in the far past can be matched
to a classical contracting one with modified gravitational coupling constant.10 Asymptotic
properties of pre-bounce and post-bounce solutions show that the bounce is generically
asymmetric and there exists no values of G such that there is no rescaling of effective
constants across the bounce. This situation holds true for µ0 as well as µ̄ scheme. The
asymmetric bounce is thus an inherent feature of Hamiltonian with gauge-covariant flux
modifications. Our analysis provides a concrete example of rescaling of constants across the
singularity, a phenomena speculated earlier in [72] and studied for discrete quantum gravity
[73] as well as for Thiemann regularization of LQC using triads [58, 71]. A difference from
earlier studies of [72, 73] is that the change of constants is not random but completely fixed
by the dynamics.
Let us note that regularized dynamics studied in this manuscript is at the moment not
proven to be the effective dynamics of a corresponding quantum cosmology theory. In a
sense, our treatment is similar to various works in standard LQC where effective dynamics is
often assumed to understand quantum gravitational implications. To address this question,
10

Indeed, there exists a 1-parameter family of classical contracting FLRW solutions with different rescalings
moreover for scalar field momentum and lapse function. However, both of these values are pure gauge
and their rescaling is therefore not observable.
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we proposed a procedure by which the gauge-covariant flux corrections can be promoted to
an operator on the physical Hilbert space of LQC. The strategy outlined in this paper, will
also prove vital for the quantization of other regularizations for the scalar constraint, such as
when the Lorentzian part is treated independently in presence of gauge-covariant fluxes [47].
Based on the observation that sinc is a bounded function, it was on the classical phase space
replaced with its corresponding Fourier-series on a compact region. This region was chosen
big enough that it incorporates all possible phase space trajectories, which at some point
correspond to cosmological dynamics potentially relevant for our universe. This leads to a
quantum evolution operator ΘT F which consists of an infinite sum over shifts. In this sense
the evolution operator is non-local on the LQC lattice and differs from the one in standard
LQC because of higher order quantum difference operators. Though the quantum evolution
operator we proposed is technically more involved than in standard LQC, we should note
that the contributions of high lattice distances are exponentially fast dropping of with the
distance on the lattice. Similar situations are already known to the literature, e.g. in the
context of perfect actions for quantum field theories [74–76].
Our analysis opens a new window to incorporate further techniques from LQG to cosmological spacetimes by incorporating gauge-covariant fluxes and in this sense providing a
first ever SU(2) gauge-invariant treatment of singularity resolution using LQG techniques.
It results in a striking change from the existing results in LQC. The symmetric bounce in
simplest models is replaced by an asymmetric bounce with a change in effective constants
in the pre-bounce regime. It remains to be seen how this change affects the physics of the
very early universe and the potential signatures in CMB. Moreover, the theoretical techniques used here can be further refined and generalized. Examples of these include using
graph-coherent states [77] or stable coherent states [78]. Finally, one can hope that these
insights into the cosmological model help to deal with the vast regularization ambiguities of
the full theory. Some of these ambiguities and their physical implications are studied in our
companion paper [47].
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